Abstract. Let k be a field. A radical abelian algebra over k is a crossed product (K/k, α), where K = k(T ) is a radical abelian extension of k, T a subgroup of K * which is finite modulo k * , and α ∈ H 2 (G, K * ) is represented by a cocycle with values in T . The main result is that if A is a radical abelian algebra over k, and m = exp(A ⊗ k k(µ), where µ denotes the group of all roots of unity, then k contains the mth roots of unity. Applications are given to projective Schur division algebras and projective Schur algebras of nilpotent type.
Introduction and summary of results
Let k be any field and Br(k) be its Brauer group. The projective Schur group of k is the subgroup of Br(k) which consists of all classes that may be represented by projective Schur algebras. A k-central simple algebra A is a projective Schur algebra if it is spanned as a k−vector space by a subgroup Γ of the units of A which is finite modulo its center (note that we may assume that the center of Γ is k * ). Equivalently, a k-central simple algebra A is projective Schur if it is the homomorphic image of a twisted group algebra k α S for some finite group S and some α ∈ H 2 (S, k * ). The projective Schur group P S(k) can be viewed as the projective analogue of the Schur group S(k) which arises from group algebras (or representations of finite groups) over k. Recall that a Schur algebra over k is a k− central simple algebra which is the homomorphic image of a group algebra kS for some finite group S (or equivalently, k central simple algebras that are spanned by a finite subgroup of the units). The Schur group S(k) is the subgroup generated by (and in fact consisting of) Brauer classes that may be represented by Schur algebras over k.
One of the main features of the projective Schur group is that it contains all the (classes of) symbol algebras. Indeed every symbol algebra over k can be written as a twisted group algebra (and in particular as a homomorphic image). Invoking the Merkurev-Suslin theorem [8] , it follows that if the field k contains all roots of unity, then P S(k) = Br(k). Moreover, it is a result of [6] that if k is a number field, then again P S(k) = Br(k). In general, the projective Schur group is not equal to the full Brauer group. In [3] it is shown that P S(k) is contained in the relative Brauer group H
where L is the compositum of the maximal cyclotomic extension of k and the maximal Kummer extension of k (in particular L/k is abelian). Furthermore it is shown there, that for k = F (x), a rational function field in one variable over a number field F, there are Brauer classes that are not split by L. It is not known
There is a natural way to construct projective Schur algebras, which yields the socalled radical algebras. 
, which shows that A is a projective Schur algebra over k. If one restricts (in the construction of radical algebras) to cyclotomic extensions (rather than radical) and to cocycles with values that are roots of unity (rather than values of finite order modulo k * ) one obtains "cyclotomic algebras over k". It is easy to see that such algebras are spanned over k by a finite subgroup of the units of A. In particular A is a Schur algebra. An important theorem of Brauer and Witt [10, Chapter 3] states that every class in S(k) may be represented by a cyclotomic algebra. In [2] it has been conjectured that the projective analogue of the Brauer-Witt theorem holds, namely that every class in P S(k) may be represented by a radical algebra. Combining this with the fact that every projective Schur algebra is split by the compositum of Kummer and cyclotomic extensions of k and in particular by a radical abelian extension (i.e. the Galois group is abelian) we conjecture that every projective Schur algebra is Brauer equivalent to a radical abelian algebra.
In [1] the conjecture is proved for projective Schur algebras which are division algebras. In [4] it is proved (although only stated for radical algebras) that the conjecture holds for projective Schur algebras k(Γ) over k of nilpotent type (a projective Schur algebra k(Γ) over k is of nilpotent type if Γ, or equivalently Γ/k * , can be chosen to be a nilpotent group).
The purpose of this article is to show that radical abelian algebras satisfy a rather restrictive condition. Let µ denote the group of all roots of unity (in an algebraic closure of k). 
Corollary. Let P N il(k) denote the subgroup of Br(k) which consists of classes that may be represented by projective Schur algebras of nilpotent type. Then for any α ∈ P N il(k), res k(µ)/k (α) has order dividing the number of roots of unity in k.
For elements in P N il(k) more is true. Let µ p ∞ denote the group of all roots of unity of p-power order.
Remark. We can use Theorem 1.4 to sharpen our knowledge about the inclusion [4] . On the other hand, if the field k contains the pth roots of unity, P N il(p) p can be quite large; for example if k is a number field containing the pth roots of unity, then [6] . We use Theorem 1.4 to show that P N il(k) p may be a proper subgroup of P S(k) p even if k contains the pth roots of unity. We point out that examples of fields k (which may or may not contain the pth roots of unity) for which P S(k) p is a proper subgroup of Br(k) p are given in [3] . 
, and for this we may pass to the formal power series field Q((x)). Here we see that the extension obtained by adjoining a fifth root of unity is an unramified extension, so every norm has valuation divisible by 4, hence x has order 4 mod norms. The same argument shows that D ⊗ Q(x) Q(x, µ 2 ∞ ) also has exponent 4. We observe next that D is a radical abelian algebra. Theorem 1. 4 
now implies [D] / ∈ P N il(Q(x)) 2 . As pointed out above it is not known whether P S(k) is a proper subgroup of the relative Brauer group Br(L/k)
where L is the compositum of the maximal cyclotomic extension of k and the maximal Kummer extension of k. We construct a variant of the previous example by replacing the cyclotomic extension Q(µ 5 )/Q by a regular (over F ) extension K/F (t) which is cyclic of degree four, and F is a field of characteristic zero (See e.g. [7, p. 224] ). Here x, t are algebraically independent over F . Let D be the cyclic algebra (K(x)/F (t, x), σ, x). The same argument as above shows that D is of exponent four and therefore a division algebra. Clearly the exponent of D is not reduced by tensoring up to any cyclotomic extension. On the other hand, D is split by a Z 2 × Z 2 Kummer extension, namely the (maximal) subfield generated over F (t, x) by √ x and the quadratic subfield of K. Suppose that F = Q or any field of characteristic zero not containing the fourth roots of unity.
[1, Theorem 1] and Theorem 1.1 above then imply that D is not isomorphic to a projective Schur algebra and also not Brauer equivalent to a radical abelian algebra. Note that a positive answer to our conjecture above would imply [D] / ∈ P S(F (x, t)) and hence P S(k)) = Br(L/k), where k = F (x, t).
Preliminaries
Recall that a projective Schur algebra k(Γ) over k is reduced if the subalgebra k(H) is simple for any subgroup H of Γ containing the commutator subgroup Γ .
Let A = (K/k, G, α) be a radical abelian algebra with associated group extension 1 → N → Γ → G → 1. Since the group G is abelian the commutator Γ ≤ N is also abelian.
Lemma. Let k(Γ) be a projective Schur algebra over k with Γ abelian. Then it is equivalent to a reduced projective Schur algebra k(Σ) with Σ abelian.
Proof. In [2] it is shown that every projective Schur algebra k(Γ) over k (not necessarily with abelian commutator) is equivalent to a reduced algebra k(Σ) where Σ is obtained from Γ by a finite sequence of taking subgroups and quotient groups.
In the main proof we will need a kind of converse to the statement preceding the lemma (See [4, Prop. 3.1] ).
Proposition. Let k(Γ) be a reduced projective Schur algebra with Γ abelian. Then k(Γ) is a radical abelian algebra; that is, there is a group extension
Proof. It is sufficient to prove the second statement. Let N be a maximal abelian subgroup of Γ containing N 0 . Clearly, N is normal and Γ/N is abelian. Denote the latter by G. The reducedness of k(Γ) implies k(N ) is simple and therefore a field extension of k. Observe that conjugation with elements of Γ induces an action of G on k(N ). Furthermore the action is faithful since N is maximal abelian in Γ. Finally we note that
Proofs
From the previous section we see that in order to prove Theorem 1.1 it is sufficient (and in fact equivalent) to show that for any reduced projective Schur algebra k(Γ) with Γ abelian, ord(k(Γ) ⊗ k k(µ)) divides the number of roots of unity in k. The subalgebra k(Γ ) is commutative (since Γ is an abelian group); moreover it is a field extension of k since k(Γ) is reduced. Recall that Γ is center by finite and hence, by a well known theorem due to Schur, the commutator Γ is finite. This implies of course that k(Γ ) is a cyclotomic extension of k. Consider the family Ω of abelian subgroups in Γ that contain k * Γ (we can assume that k * ⊆ Γ ). Note that Ω is a finite set since Γ/k * is finite. Furthermore by the irreducibility of k(Γ), for any T ∈ Ω, the subalgebra k(T ) is a field extension of k on which Γ acts by conjugation.
Let Ω c = {T ∈ Ω : k(T )/k cyclotomic}. Observe that Ω c is not empty since it contains k * Γ . Let H 0 ∈ Ω c be a maximal element (with respect to inclusion) and let H be the centralizer of k(H 0 ) in Γ.
Proof. a) Since H is the centralizer of k(H 0 ) in Γ, the group Γ/H acts faithfully on k(H 0 ). To show it is equal to the full Galois group over k let x ∈ k(H 0 )
Γ
. Clearly x commutes with all elements in Γ and since Γ spans the algebra k(Γ) over k, x must be in the center k. we must show that the order of res k(µ p ∞ )/k (α) divides the number of p-power roots of unity contained in k. If the p-th roots of unity are not in k, then as mentioned earlier, P N il(k) p = 0 and there is nothing to prove. We may therefore assume that k contains the p-th roots of unity. We now simply modify the proof of Theorem 1.1 to suit the present situation. Since Γ k * /k * is a p-group, the field extension k(Γ )/k is generated by p-power roots of unity. In the proof of Theorem 1.1, require in the definition of Ω c that k(T )/k be not only cyclotomic but generated by p-power roots of unity. In Lemma 3.1 (c), replace µ by µ p ∞ . Finally, we arrive at the contradiction that k(H 0 , σ p r ) is an extension of k generated by p-power roots of unity, and strictly larger than k(H 0 ).
